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Abstract 
This paper presents the solution of the spatial problem of interaction between an incompressible liquid and an elastic 
shell. The whole liquid-shell system is kinematically excited by harmonic motion of the shell foundation. The problem of 
interaction is solved by means of the non-coupled method. We seek the time and spatial distribution of pressure and 
velocity in liquid and the corresponding shape of the shell. 
Keywords: Non-coupled solution; Newton's liquid; Variational formulation; Kinematical excitation; FEM; Isoparamet- 
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1. Introduction 
The problems of interaction between a liquid and an elastic continuum occur very often in 
practice. An example in nuclear power engineering is the interaction between the cooling liquid and 
fuel rods in VVER-type reactors. This contribution is an introduction to these problems and deals 
with the solution of the simplified interaction problem between liquid and a cylindric shell. The 
model of the considered interaction problem is depicted in Fig. 1. The non-coupled method is based 
on the relatively separate solutions of the shell and liquid motion, taking into account hat both 
continua affect each other at their common boundary. However, the position of the common 
boundary is not known a priori (a so-called free boundary problem). Problems of this kind are 
usually solved by the iterative process. Both partial problems of interaction - relative liquid flow 
and shell vibration with respect o the system foundation - are variationally formulated, the 
numerical realization is carried out by FEM. 
2. General formulation of the interaction problem 
Let us consider bounded omain f2 c ~3 with the Lipschitz boundary ~12 (Fig. 2) and let the 
given time interval be (0, T) c ~. The domain I2 is divided into two disjunct subsets f21 and f22. 
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Fig. 1. Physical model of interaction. 
Let us denote by F12 the common boundary (boundary of interaction) and by n its normal 
vector. 
Let us define the boundary and initial value problem of elastodynamics in domain £21. Boundary 
8t21 is divided into disjunct subsets FI~, Flu and F12. The closure of domain ~1 = ~21 ud121. Let 
stress vector t~ ( A denotes the given quantity) be given on F1, and displacement vector a on FI~. 
The aim is to find unknown function u(x, t) in time-space domain/31 = £]1 x [0, T ]. This problem 
is described by the following equations and conditions [2]: 
(~Tij ~2Ui . 
c3x~.+Of/=O-~-, te(0, T), xef21, 
The 
Zij = ~,t~ijeu -F 21~eu; t e (0, T), x e (21, 
l ~u ,  c3uj'~; 
eij= ~ \dxj + gxi/I t e (0, T), x e ~21. 
initial and boundary conditions have the form 
ui(0, x) = °t~i(x); tii(0, x) = °t~i(x); t = 0, x e I21, 
ui(t,x)=ai(t,x); te(0,  T), XeF lu ,  
tri(t, x) = zijnj = ~i(t, x); t e (0, T), x (~ ]"11:. 
(i) 
(2) 
(3) 
(4) 
(5) 
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Fig. 2. General formulation of the interaction problem. 
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In the above equations z~j is the stress tensoL eij is the tensor of small deformations, 2 a/~ are 
Lame's coefficients, 3ij is Kronecker's delta, j] is the specific volume force, p is density, x~ are 
Lagrange's coordinates of the continuum. 
Let us define the isothermal, boundary and initial value problem of hydromechanics in domain 
~22. We consider laminary flow of Newton's liquid (q = const., p = const.). Boundary t?f22 is 
divided into disjunct subsets F2~, Fzv and F12. The closure of domain I22 = ~"~2 k..)~¢~2" Let stress 
vector ~ be given on F2, and velocity vector 3 on F2v. The aim is to find the unknown pair of 
functions {v(x, t), p(x, t)} in time-space domain /)2 = ~¢'~2 X [0, T ] .  This problem is described by 
the following equations and conditions [2]: 
Op c3vi OR~j ^ 
cgx----~ + p ~t Ox~ = pJ~; t ~ (0, T), x ~ f22, (6) 
- -p~-- -=0;  t6 (O,T ) ,  xEf22,  (7) 
cxi 
Vij = -~ \cgxj + Oxi,] t ~ (0, T ), x 6 g22, (8) 
zij = -- p3ij + Rij, 
t~(0, T), x¢~22. (9) 
Rij --- 2rIVij + ?lt3ijVll, 
Initial and boundary conditions have the form 
v~(0, x) = °~(x) ;  t = 0, x ~ ~22. 
vi(t, x) = 3i(t, x); t ~ (0, T), x ~ F2~, 
ai(t, x) = zijn~ = ~i(t, x); t ~ (0, T), x ~ F2,. 
(lO) 
(11) 
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Here z 0 is the stress tensor of the liquid, R~j is the dissipation tensor, f~ is the specific volume force, p is 
the density of the liquid, q is dynamic viscosity (r/' = - 2/3q), xi are Euler's coordinates ofcontinuum. 
In order to complete the considered interaction problem, we have to define the conditions at the 
common boundary of interaction/'12. The condition of contact and of the same velocity of both 
continua t their common boundary can be expressed as [2] 
lu i(t  , X) = 2Ui(t , X); 
te(0, T), Xer l2 ,  (12) 
ltii(/, X) = 2vi(t , X); 
where symbols 1 and 2 denote the elastic ontinuum and liquid, respectively. The whole considered 
system must further satisfy the equation of equilibrium. The condition of equilibrium at the 
common boundary can be expressed as [2] 
l"~ij?l j = -- 2"~ijnj~ t ~ (0, T), x E F12. (13) 
Now we can formulate the solution of the interaction problem: In order to solve the presented 
problem of interaction between the liquid and elastic ontinuum, we have to find function u(x, t) in 
region f21 and functions {v(x, t), p(x, t)} in region 122, which satisfy the system of equations and 
conditions (1)-(5), or (6)-(10) together with the contact conditions (12) and (13). Note that domains 
f21 and I22 are considered time variable. 
3. Numerical realization of the interaction problem 
An algorithm of the solution of the considered interaction problem (Fig. 1) is shown in Fig. 3. We 
solve the relative motion of liquid and shell with respect o the system foundation. Time interval 
[0, T ] is divided into n subintervals of length h = Tin. If we denote the velocity and pressure at 
a time level vi, pl and the velocity at the previous level °vi, we can express (Rothe's method and 
decomposition f the absolute motion of liquid into translational nd relative motion) forceJ~ as (vl 
denotes the relative velocity) 
°Vi -- V i 
J~ - h + J~TR, (14) 
where translational force component f~TR is determined by the acceleration 3}~ of the foundation. 
Instead of the direct solution of the non-stationary problem of hydromechanics, it is possible to 
seek the stationary point of the functional using the variational formulation method [2]: 
l(v, p) = L~ t 1 Vu(v) + rlV~j(v) V~j(v) dx 
+ ai(~i -- vi) dx - -  ~ i l ) i  dx - p ~ dx 
2v 2r 2 
lfo lfo fo + ~-~ pv iv idx  ---~ p°v iv idx  + p~iv idx .  (15) 
2 2 2 
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Fig. 3. Flow chart. 
Isoparametric finite elements (pentahedron a d hexahedron) were used for the numerical solution 
of liquid flow. Pressure was approximated by a first-degree polynomial and velocity by a second- 
degree polynomial. The liquid level is supposed to be plane. 
The isoparametric shell element was used for the numerical solution of relative shell vibration 
(we assume the validity of Kirchhoff's hypothesis [1]). The shell deformation is described by vector 
q(t) = [Uk, 1)k, Wk, O~k, ]~k] T (k = 1, 2,..., N), where Uk, Vk, Wk are the Cartesian components of the 
kth node displacement and ak, fig are slopes characterizing the position of the shell normal vector in 
deformed shape. M and K denote the mass and stiffness matrix of the shell, respectively. 
If we consider kinematical excitation of the interacting system in the form £(t )= 
[0, )7o sin ~ot, 0] a, we can describe the shell motion by the equation [2] 
M'q(t) + Kq(t) =f(t)  + M'~*(t). 06) 
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Fig. 4. Shell deformation. 
Here vector f ( t )  expresses the liquid force effect and vector ~* represents he acceleration of the 
foundation's translational motion. 
Eqs. (15) and (16) are solved by means of an iterative process with respect o contact conditions 
(12) and (13). The iterative process is conditionally stable, it requires very small time step 
(At = 10 -4 Is-I). Note that vectors q(t) and q(t) express the boundary conditions for the liquid 
motion solution. The obtained numerical results are depicted in Fig. 4. 
4. Conclusions 
The non-coupled method for solving the problem of interaction between two continua, presented 
in this paper, is a completely universal method, which enables a substantially wider class of 
problems to be solved. This method can find applications also in other branches of mechanics, e.g. 
in biomechanics. It is advantageous e pecially in cases of interaction between a thin layer of liquid 
and elastic continuum (when the additional mass method cannot be used). 
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